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b) wzo \Nxeq vy, ¢ KI(9

N. We seck an app;‘o;(imation un of the solution of system (i) as the element of C L([0,T7; V)
satisfying the variational problem

%(UN(t)’UN)LZ(G) +a(un(t),on) = (f(t),vN)12q)» Vonw €V, VEEJ, @

with initial condition un(0,z) = uo n where ug ny is some approximation of uy in Vi (this is
sometimes called the “method of lines”). Given a basis {¢n ;}1<j<n of Vv, write

N uN,l(t)
un(t,) =Y un;(Odn, un(t) = : .

=1 un,n(t)

Show that the vector uy (t) satisfies a system of coupled ordinary differential equations of the
form: d

Mayzv +Auy =F. (3)

Give the expression of the matrices M, A and the vector F. Why are M, A nonsingular?
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c) We seek approximations uf} ; of the values of the coefficients uy ;(tm) at each time t,, = km
where k£ > 0 is the time step and m € N. Let
uan,l
uyy = .
uR N
Starting from Eq. (3), proceed as in the case of the finite difference scheme and derive a fully
discrete scheme for (2) of the form
Bouy™ = Couf + Fy',
with suitable matrices By, Cy and Fy'.
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A=¢- (o) K (K)= f+n

From now on, We assume J = G = (0,1) and x(z) = z + 1. For any N,M € N, we set
h = N+1,k = ﬁ and consider the spatial mesh points x; = hi,i = 1,2,...,N. Let Viy be the
vector space of continuous functions on G, vanishing at both ends of the mterval, and which are
linear on each (z;,z;41). For each i € {1, ..., N}, there is a unique element ¢y ; of Vy (the

so-called hat-functions) satisfying
¢N,i(xj):5i,j7 V]E{l,,N}

and {(bN,i}lSiSN is a basis of VN.

a) Let K(z,y) = f Y k(z) dz. Derive an explicit expression for K in terms of z,y € R. In
the script ”FEM_heat py provlded, implement the function ”kappa_integral(x,y)” for the
calculation of K(z,y) using the derived explicit expression.
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c) Let u(t,z) = e~ *sin(nz). Check that u(t,z) is the solution of system (1) for
f(t,2) = ((z+ 1)n? — 1) e 'sin(rz) — me~* cos(rz), wuo(z) = sin(nz).

Define the corresponding functions ”f (t,x)”, ”initial value(x)” and "exact_solution_at_1(x)”
in ”FEM_heat.py”. Here "£” has the temporal and spatial variables (t,z) as the input and out-
puts the value of f(¢,z). ”initial value” and ”exact_solution_at_1” shall receive a vector of spatial
grid points and compute a vector containing the value of u(z,0) and u(z,1) at these points re-
spectively.

d) Show that

/f(t,x)¢N,i(z)dz:hf(t’zi7h/2)+f(tézi)+f(t’zi+h/2) +O). (4)

In the template "FEM heat.py”, complete the function "build F(t,N)” accordingly. The pa-
rameters of this function are the time level ¢ and the discretization parameter N. The output
shall be the approximated value of the column vector F at time ¢, using (4).



